Motivated by the central role played by rotationally symmetric distributions in directional statistics, we consider the problem of testing rotational symmetry on the hypersphere. We adopt a semiparametric approach and tackle both problems where the location of the symmetry axis is either specified or unspecified. For each problem, we define two tests and study their asymptotic properties under very mild conditions. We introduce two new classes of directional distributions that extend the rotationally symmetric class and are of independent interest. We prove that each test is locally asymptotically maximin, in the Le Cam sense, for one kind of the alternatives given by the new classes of distributions, both for specified and unspecified symmetry axis. The tests, aimed to detect location-like and scatter-like alternatives, are combined into a convenient hybrid test that is consistent against both alternatives. Finally, we apply the tests for assessing rotational symmetry in two real data examples coming from geology and proteomics. A supplement collects the proofs of the main results and presents extensive Monte Carlo studies illustrating the finite-sample performances of the proposed tests and their agreement with the asymptotic results.
Introduction
Directional statistics deals with data belonging to the unit hypersphere S p−1 := {x ∈ R p : x 2 = x T x = 1} of R p . The most popular parametric model in directional statistics, which can be traced back to the beginning of the 20th century, is the von Mises-Fisher (vMF) model characterized by the density x → c M p,κ exp(κ x T θ θ θ) (densities on S p−1 throughout are with respect to the surface area measure σ p−1 on S p−1 ), where θ θ θ ∈ S p−1 is a location parameter (it is the modal location on the sphere), κ > 0 is a concentration parameter (the larger the value of κ, the more the probability mass is concentrated about θ θ θ), and c M p,κ is a normalizing constant. The vMF model belongs to a much broader model characterized by rotationally symmetric densities of the form x → c p,g g(x T θ θ θ), where g : [−1, 1] −→ [0, ∞) and c p,g is a normalizing constant. The rotationally symmetric model is indexed by the finite-dimensional parameter θ θ θ and the infinite-dimensional parameter g, hence is of a semiparametric nature. Clearly, the (parametric) vMF submodel is obtained with g(t) = exp(κt). Note that for axial distributions (g(−t) = g(t) for any t), only the pair {±θ θ θ} is identified, whereas non-axial distributions allow to identify θ θ θ under mild conditions (identifiability of θ θ θ is discussed later).
Rotationally symmetric distributions are often regarded as the most natural (non-uniform) distributions on the sphere and tend to have more tractable normalizing constants than non-rotationally symmetric models. Rotational symmetry is very often assumed in practice. For instance, Rezakhaniha et al. (2012) used rotationally symmetric distributions in the biomechanical modeling of blood vessels; it is also a common assumption in the analysis of fibre textures (see, e.g., Chapter 5 of Bunge (2015) ); Guan and Smith (2017) used rotationally symmetric distributions to model noise in spherical videos. Rotational symmetry has also been extensively adopted in the literature as a core assumption for performing inference with directional data. A (far from exhaustive) list of references illustrating this is as follows: Rivest (1989) , Ko and Chang (1993) , and Chang and Rivest (2001) considered regression and M -estimation under rotationally symmetric assumptions; Larsen et al. (2002) considered von Mises-Fisher likelihood ratios; Tsai and Sen (2007) , , and Paindaveine and Verdebout (2015) proposed rank tests and estimators for the mode of a rotationally symmetric distribution; proposed a concept of quantiles for rotationally symmetric distributions; Paindaveine and Verdebout (2017) considered inference for the direction of weak rotationally symmetric signals.
Yet, since rotationally symmetric distributions impose a rather stringent symmetry on the hypersphere (as they are invariant under rotations fixing θ θ θ), it is obviously important and natural to test for rotational symmetry prior to adopting a rotationally symmetric model to conduct inference. The problem of testing rotational symmetry has mainly been considered in the circular case (p = 2), where rotational symmetry is referred to as reflective symmetry. Tests of reflective symmetry about a specified θ θ θ have been considered by Schach (1969) , using a linear rank test, and , using sign-based statistics, whereas Pewsey (2002) introduced a test based on second-order trigonometric moments for unspecified θ θ θ. and Meintanis and Verdebout (2018) developed tests that are locally and asymptotically optimal against some specific alternatives, both for specified θ θ θ. For p ≥ 3, however, the problem is much more difficult, which explains that the corresponding literature is much sparser: to the best of our knowledge, for p ≥ 3, only Jupp and Spurr (1983) and Ley and Verdebout (2017) addressed the problem of testing rotational symmetry in a semiparametric way (that is, without specifying the function g). The former considered a test for symmetry in p ≥ 2 using the Sobolev tests machinery of Giné (1975) , whereas the latter established the efficiency of the test against a new type of non-rotationally symmetric alternatives. Both papers restricted to the specified-θ θ θ situation. Goodness-of-fit tests within the directional framework (i.e., tests for checking that the distribution on S p−1 belongs to a given parametric class of distributions) have received comparatively more attention in the literature. For instance, Boulerice and Ducharme (1997) proposed goodness-of-fit tests based on spherical harmonics for a specific class of rotationally symmetric distributions. More recently, Figueiredo (2012) considered goodness-of-fit tests for vMF distributions, while Boente et al. (2014) introduced goodness-of-fit tests based on kernel density estimation for any (possibly non-rotationally symmetric) distribution.
In this paper, we consider the problem of testing rotational symmetry on the unit (hyper)sphere S p−1 in any dimension p ≥ 3. The contributions are three-fold. Firstly, we tackle the specified-θ θ θ case and propose two tests aimed to detect scatter -like and location-like departures from the null hypothesis. Secondly, we introduce two new classes C 1 and C 2 of distributions on S p−1 that are of independent interest and may serve as natural alternatives to rotational symmetry. In particular, the class C 1 is an "elliptical" extension of the class of rotationally symmetric distributions based on the angular Gaussian distributions from Tyler (1987) . We prove that the proposed scatter and location tests are locally asymptotically maximin (within the specified-θ θ θ case) against alternatives in C 1 and C 2 , respectively. Thirdly, we address the more challenging unspecified-θ θ θ case. The scatter test is seen to be unaffected asymptotically by the estimation of θ θ θ under the null (and therefore also under contiguous alternatives), whereas the location test presents a more involved asymptotic behavior affected by the estimation of θ θ θ. We therefore propose corrected versions of the location test that keep strong optimality properties against alternatives in C 2 . Finally, using the asymptotic independence (under the null) between the location and scatter test statistics, we introduce, both for the specified and unspecified-θ θ θ problems, hybrid tests that enjoy appealing asymptotic power properties against both types of alternatives (in C 1 and C 2 ) without being optimal neither against alternatives in C 1 nor in C 2 .
The outline of the paper is as follows. In Section 2, we consider the problem of testing for rotational symmetry about a specified location θ θ θ. The asymptotic distributions of two tests proposed for that aim are provided in Section 2.1. Section 2.2 introduces two non-rotationally symmetric extensions of the class of rotationally symmetric distributions, which are used in Sections 2.3-2.4 to investigate the non-null asymptotic behavior of the proposed tests. In Section 3, we extend the proposed tests to the problem of testing rotational symmetry about an unspecified location and investigate their non-null asymptotic behavior. Hybrid tests are introduced in Section 4. We treat two real data examples in Section 5 and discuss perspectives for future research in Section 6. A supplement collects the proofs of the main results and provides extensive Monte Carlo experiments illustrating the finite-sample performances of the proposed tests and their agreement with the asymptotic results.
Non-rotationally symmetric tangent distributions
As explained in the previous section, if X is rotationally symmetric about θ θ θ, then the sign U := u θ θ θ (X) (see (1)) is uniformly distributed over S p−2 and is independent of the cosine V := v θ θ θ (X). Vice versa, it directly follows from the tangent-normal decomposition in (2) that any rotational distribution on S p−1 can be obtained as the distribution of
where U is a random vector that is uniformly distributed over S p−2 and where the random variable V with values in [−1, 1] is independent of U. In this section, we introduce natural alternatives to rotational symmetry by relaxing some of the distributional constraints on U in (6). Rather than assuming that U is uniformly distributed over S p−2 , we construct two families of non-rotationally symmetric distributions for which U follows an angular central Gaussian distribution (see, e.g., Tyler (1987) ) and a vMF distribution.
For the first family, recall that the random (p − 1)-vector U has an angular central Gaussian distribution on S p−2 with shape parameter Λ Λ Λ (notation:
with respect to the surface area measure σ p−2 on S p−2 , where c A p−1,Λ Λ Λ := ω p−1 (det Λ Λ Λ) 1/2 −1 is a normalizing constant. Here, the scatter parameter Λ Λ Λ is a (p−1)×(p−1) symmetric and positive-definite matrix that is normalized into a shape matrix in the sense that tr[Λ Λ Λ] = p−1 (without this normalization, Λ Λ Λ would be identified up to a positive scalar factor only). Denoting by G the set of all cumulative distribution functions G over [−1, 1] , and by L p−1 the collection of shape matrices Λ Λ Λ, we then introduce the family of tangent elliptical distributions. Definition 1. Let θ θ θ ∈ S p−1 , G ∈ G, and Λ Λ Λ ∈ L p−1 . Then the random vector X has a tangent elliptical distribution on S p−1 with location θ θ θ, angular distribution function G, and shape Λ Λ Λ if and
where V ∼ G and U ∼ A p−1 (Λ Λ Λ) are mutually independent. If V admits the density (4) involving the angular function g, then we will write X ∼ T E p (θ θ θ, g, Λ Λ Λ).
Clearly, rotationally symmetric distributions are obtained for Λ Λ Λ = I p−1 . Since the distribution A p−1 (Λ Λ Λ) can be obtained by projecting radially on S p−2 a (p − 1)-dimensional elliptical distribution with location 0 and scatter Λ Λ Λ, the distributions in Definition 1 form an elliptical extension of the class of the (by nature, spherical) rotationally symmetric distributions, which justifies the terminology. In the absolutely continuous case, the following result provides the density of a tangent elliptical distribution. Theorem 1. If X ∼ T E p (θ θ θ, g, Λ Λ Λ), then X is absolutely continuous and the corresponding density is
As mentioned above, tangent elliptical distributions provide an elliptical extension of the class of rotationally symmetric distributions, hence in particular of vMF distributions. Another elliptical extension of vMF distributions is the Kent (1982) class of Fisher-Bingham distributions. The tangent elliptical distributions show several advantages with respect to the latter: (i) they form a semiparametric class of distributions that contains all rotationally symmetric distributions; (ii) the densities of tangent elliptical distributions involve normalizing constants that are simple to compute (see, e.g., Kume and Wood (2005) for the delicate problem of approximating normalizing constants in the Fisher-Bingham model); (iii) simulation is straightforward.
The second class of distributions we introduce, namely the class of tangent vMF distributions, is obtained by assuming that U ∼ M p−1 (µ µ µ, κ). Unlike the tangent elliptical distributions, under which U assumes an axial distribution on S p−2 , the unimodality of M p−1 (µ µ µ, κ) in the tangent space provides a skewed distribution for X about θ θ θ (see the bottom row of Figure 1 ). Theorem 2 provides the density of the tangent vMF distributions in the absolutely continuous case. Its proof is along the same lines as the proof of Theorem 1, hence is omitted.
Definition 2. Let θ θ θ ∈ S p−1 , G ∈ G, µ µ µ ∈ S p−2 , and κ ≥ 0. Then the random vector X has a tangent vMF distribution on S p−1 with location θ θ θ, angular distribution function G, skewness direction µ µ µ, and skewness intensity κ if and only if X
where V ∼ G and U ∼ M p−1 (µ µ µ, κ) are mutually independent. If V admits the density (4) involving the angular function g, then we will write X ∼ T M p (θ θ θ, g, µ µ µ, κ).
Theorem 2. If X ∼ T M p (θ θ θ, g, µ µ µ, κ), then X is absolutely continuous and the corresponding density Note that, albeit our framework is p ≥ 3, the distributions are also properly defined for p = 2. In that case, the sign U takes values in S 0 = {−1, 1}, ω 1 = 2, and the angular central Gaussian and the vMF densities become probability mass functions over S 0 ). The former, since it is an axial distribution, puts equal mass in ±1. Since I − 1 2 (κ) = 2/(πκ) cosh(κ), the vMF associated with µ ∈ S 0 assigns probabilities exp(±µκ)/(exp(−µκ) + exp(µκ)) to ±1, respectively. Therefore, only the tangent vMF distributions provide alternatives to rotational symmetry when p = 2. This is coherent with the fact that Q sc θ θ θ is a non-random test statistic when p = 2 and therefore does not provide any reasonable test. In order to deal with non-degenerate tests, we restrict to p ≥ 3 in the sequel.
Non-null results for tangent elliptical alternatives
In this section, we will investigate the performances of the tests φ loc θ θ θ and φ sc θ θ θ under the tangent elliptical alternatives to rotational symmetry introduced above. To do so, we will need the following notation: vech (A) for the (p(p + 1)/2)-dimensional vector stacking the upper-triangular entries of a p × p symmetric matrix A = (A ij ); ve 
(e p,i e T p,j ) ⊗ (e p,j e T p,i ) for the commutation matrix, where e p, denotes the -th vector of the canonical basis of R p . Since the shape matrix Λ Λ Λ of a tangent elliptical distribution is symmetric and satisfies tr[Λ Λ Λ] = p − 1, it is completely characterized by ve
i θ θ θ and we denote as χ 2 ν (λ) the chi-square distribution with ν degrees of freedom and non-centrality parameter λ (so that
In order to examine log-likelihood ratios involving the angular functions g, we need to assume some regularity conditions on g. More precisely, we will restrict to the collection G a of non-constant angular functions g : [−1, 1] −→ (0, ∞) that are absolutely continuous and for which J p (g) :=
Scatter tests
We start by considering the test φ sc θ θ θ , which, in the specified-θ θ θ case, was showed to be Le Cam optimal against tangent elliptical alternatives. First note that it is easy to show that the LAN results in Theorems 3-4 can be strengthened into Uniform Local Asymptotic Normality (ULAN) ones. In such a ULAN setup, it is customary to use an estimatorθ θ θ satisfying the following assumption:
A G The estimatorθ θ θ (with values in S p−1 ) is part of a sequence that is: (i) root-n consistent under any g ∈ G , i.e.,
θ θ θ,g ; (ii) locally and asymptotically discrete, i.e., for all θ θ θ and for all C > 0, there exists a positive integer M = M (C) such that the number of possible values ofθ θ θ in {t ∈ S p−1 :
Part (i) of Assumption A G requires that the preliminary estimator is root-n consistent under the null hypothesis of rotational symmetry for a broad range G of angular functions g. The restriction to a proper subclass G of the full set of angular functions is explained by the fact that classical estimators of θ θ θ typically address either monotone rotationally symmetric distributions (g is monotone increasing) or axial ones (g(−t) = g(t) for any t), but cannot deal with mixed types, such as girdle-like distributions. Practitioners are thus expected to take G as the collection of monotone or symmetric angular functions, depending on the types of directional data (unimodal or axial data) they are facing. In the unimodal case, the most classical estimator that is root-n consistent under any (non-constant) monotone angular function is the spherical meanθ θ θ =X/ X , withX :=
In the axial case, estimators of the location θ θ θ are typically based on the eigenvectors of the sample covariance matrix S :
Part (ii) is a purely technical requirement (see, e.g., ) with little practical implications in the sense that, for fixed n, any estimate can be considered part of a locally and asymptotically discrete sequence of estimators. This is because the precision in the (in principle, required) discretization of a non-discrete estimator can be arbitrarily large; see, e.g., page 2467 in Ilmonen and Paindaveine (2011) for a discussion. Now, the block-diagonality of the Fisher information matrix in the LAN property of Theorem 3 entails that the replacement in Q sc θ θ θ of θ θ θ with an estimatorθ θ θ satisfying A G has no asymptotic impact under the null. More precisely, we have the following result. Proposition 1. Letθ θ θ satisfy A G . Then, for any θ θ θ ∈ S p−1 and any g ∈ G a ∩ G , Q sĉ
From contiguity, the null asymptotic equivalence in this proposition extends to local alternatives of the form P T E(n) θ θ θ,g,Λ Λ Λn , with Λ Λ Λ n = I p−1 + n −1/2 L n as in Theorem 3. Therefore, the test, φ sc † say, that rejects the null of rotational symmetry about an unspecified location θ θ θ when Q sĉ
remains optimal in the Le Cam sense against the tangent elliptical alternatives introduced in Section 2.2. More precisely, this test is locally asymptotically maximin at asymptotic level α when testing θ θ θ∈S p−1 g∈Ga∩G {P
Of course, the same contiguity argument also implies that φ sc † has asymptotic power α against the local tangent vMF alternatives considered in Corollary 3.
Location tests: the parametric case
Under the null of rotational symmetry, as well as under local tangent vMF/elliptical alternatives, the replacement of θ θ θ with a suitable estimatorθ θ θ in Q sc θ θ θ has no asymptotic impact due to the block-diagonality of the Fisher information matrix. The story is very different for Q loc θ θ θ : the ULAN extension of Theorem 4 yields that, ifθ θ θ is an estimator of θ θ θ satisfying Assumption A G , then
as n → ∞ under P
is no more asymptotically chi-square distributed under the same sequence of (null) hypotheses. Unlike for Q sc θ θ θ , thus, the substitution ofθ θ θ for θ θ θ in Q loc θ θ θ has a non-negligible asymptotic impact. In order to examine this impact, we first focus on the parametric case (specified g) and explore in the next section the semiparametric situation (unspecified g).
When the Fisher information matrix is not block-diagonal, it is well-known that inference on δ δ δ (we consider the model and parametrization from Section 2.4) under unspecified θ θ θ is to be based on the efficient central sequence
(throughout, A − stands for the Moore-Penrose inverse of A). Under P
and the corresponding test, φ loc θ θ θ,g * say, consists in rejecting the null of rotational symmetry (H 0 : δ δ δ = 0, with unspecified θ θ θ) at asymptotic level α whenever
This test has asymptotic level α under P (n) θ θ θ,g and is locally asymptotically maximin, under angular function g ∈ G a , in the unspecified-θ θ θ problem. A direct application of Le Cam's third lemma yields that, under the same sequence of alternatives as the one considered in Corollary 3,
. Note that this non-centrality parameter is smaller than or equal to the one in Corollary 3. The comments below Theorem 4 imply that the non-centrality parameter is larger than or equal to zero, with equality if and only if g is of the form g(t) = C exp(κ arcsin(t)). In other words, it is only for angular densities of the previous form that the g-optimal unspecified-θ θ θ test has asymptotic power α. Now, even if we are after the construction of a parametric (g-fixed) test, the test φ loc θ θ θ,g * is unfortunately infeasible because θ θ θ is unknown. We have the following result.
Proposition 2. Letθ θ θ satisfy A G . Then, for any θ θ θ ∈ S p−1 and any g ∈ G a ∩ G ,
It directly follows from Proposition 2 that the g-parametric test φ loc g * that rejects the null at asymptotic level α whenever Q loĉ θ θ θ,g * > χ 2 p−1,1−α has the exact same asymptotic properties as the infeasible test φ loc θ θ θ,g * above. In particular, like φ loc θ θ θ,g * , the test φ loc g * is locally asymptotically maximin at asymptotic level α when testing θ θ θ∈S p−1 P (n) θ θ θ,g against θ θ θ∈S p−1 µ µ µ∈S p−2 κ>0 P T M(n) θ θ θ,g,µ µ µ,κ . From contiguity, (11) also holds under the sequences of local tangent elliptical alternatives considered in Corollary 1, which implies that φ loc g * has asymptotic power α under such alternatives.
Location tests: the semiparametric case
The test φ loc g * constructed above is a purely parametric test: it requires the knowledge of the underlying angular function g. In practice, of course, g may hardly be assumed to be known and it is therefore desirable to define a location test that would be valid (in the sense that it meets asymptotically the nominal level constraint) under a broad range of angular functions g. Two options are possible here. The first one aims at uniform optimality in g by reconstructing, at any g, the test statistic Q loĉ θ θ θ,g * above. The form of the g-efficient central sequence in (10) makes it clear that this requires estimating nonparametrically the optimal score function ϕ g , which typically requires large sample sizes and which makes it hard to control the replacement of θ θ θ withθ θ θ. We therefore favor the second approach, that consists in robustifying the parametric test φ loc g * in such a way that it remains valid away from the target angular function at which power optimality is to be achieved (of course, in general, the resulting test will not be optimal away from the selected target density).
To be more specific, assume that we target optimality at the fixed angular function f . Our goal is to define a test statistic that: (i) is asymptotically equivalent to Q loĉ where we let
(the fist two identities are obtained from integration by parts, assuming that ϕ f is differentiable). Natural estimators of these quantities arê
,
at any g for which I p (g), J p (f ; g), H p (f ; g), and K p (f ; g) are finite. Consistency follows by successively applying the weak law of large numbers, under P (n) θ θ θ+n −1/2 tn,g , with θ θ θ + n −1/2 t n ∈ S p−1 , to random variables of the form n −1 n i=1 H f (V i,θ θ θ+n −1/2 tn ) (with H f a suitable function), the general version of the Le Cam's third lemma (see, e.g., Theorem 6.6 in van der Vaart (1998)), and then Lemma 4.4 from Kreiss (1987) .
We consider now the important particular case f η (r) = exp(ηr) and derive an applicable version of (14). Since f η ∈ G a is the vMF angular function with concentration parameter η (we avoid using the standard notation κ, as this notation was used to denote the skewness intensity in the tangent vMF model), we have ϕ fη (r) = η. Letting
we have
where the notation is justified by the fact that, quite nicely, the f η -efficient central sequence and corresponding Fisher information matrix do not depend on η. In the present case, the quantities to be estimated consistently are therefore
and the corresponding estimators are
respectively. The same argument as above proves consistency of these estimators at any g in the collection G b of angular functions for which (the other expectations in (16) are trivially finite for any g)
The resulting test, φ loc vMF say, rejects the null of rotational symmetry about an unspecified θ θ θ whenever vMF;g;22 * , respectively, by replacing θ θ θ withθ θ θ and the quantities in (16) with their consistent estimators in (17). This test was built to be locally asymptotically maximin at asymptotic level α when testing
Note that, for any p ≥ 3, the finiteness condition in (18) holds as soon as the angular function g is bounded in a neighborhood of 1. Remarkably, Q loc vMF does not depend on η, so that φ loc vMF is locally asymptotically maximin at asymptotic level α when testing
(in other words, when testing rotational symmetry with (θ θ θ, g) unspecified against T M p (θ θ θ, f η , κ) distributions, with (θ θ θ, η, κ) unspecified), that is, it is optimal in the Le Cam sense as soon as the underlying angular function g is vMF, irrespectively of the corresponding concentration η. It is easy to show, however, that this vMF location test still has asymptotic power α against the local tangent elliptical alternatives considered in Corollary 1.
Hybrid tests
The location and scatter tests, either in the θ θ θ-specified or θ θ θ-unspecified situations, are based on the empirical checking of the moment conditions in (3). Both are necessary conditions for the uniformity of u θ θ θ (X) over S p−2 , and hence for rotational symmetry. For the families of alternatives introduced in Section 2.2, the tests present rather extreme behaviors: either they are optimal in the Le Cam sense, or they are blind to the alternatives. While this antithesis is desirable for testing against a specific kind of alternative, it is also a double-edged sword, since knowing the alternative on which rotational symmetry might be violated can be challenging in practice, specially for high-dimensional settings. As we explain below, a possible way out is to construct hybrid tests that show non-trivial asymptotic powers against both types of alternatives considered (without being optimal against any of them).
the same critical value as in (19). The same argument entails that, for the semiparametric case of Section 3.3, Q It is easy to check that, like their θ θ θ-specified counterpart φ hyb θ θ θ , these hybrid θ θ θ-unspecified tests can detect both types of alternatives considered.
Real data applications

Paleozoic red-beds data
We consider magnetic remanence measurements made on samples collected from Paleozoic red-beds in Argentina. The data, that consists in n = 26 observations on S 2 , is showed in left plot of Figure 2 . In line with the fact that the location θ θ θ is unknown a priori, considered the problem of estimating θ θ θ under the assumption of rotational symmetry. One may wonder, however, whether or not this assumption is appropriate in the present context. Visual inspection of the left plot in Figure 2 indeed reveals that the density contours in the tangent space to the mode θ θ θ could be ellipses rather than circles. We therefore intend to test for rotational symmetry (about an unspecified θ θ θ) for the data at hand. We consider three unspecified-θ θ θ tests of rotational symmetry, namely the tests φ sc † and φ loc vMF , that are powerful against tangent elliptical and tangent vMF alternatives respectively (but are blind to the other type of alternatives), as well as the hybrid test φ hyb vMF designed to show powers against both types of alternatives.
For the data at hand, φ sc † , φ loc vMF , and φ hyb vMF , when based on the spherical mean, provide p-values equal to 6.5 × 10 −4 , 0.902, and 0.005, respectively. As a consequence, the null hypothesis of rotational symmetry is rejected in favor of tangent elliptical alternatives. Now, the left plot of Figure 2 shows that the data are actually highly concentrated. In the vMF parametric model, the maximum likelihood estimator of κ takes the value 69.544. A natural question to ask is whether, at the present small sample size (n = 26), the three tests above are robust to such a high concentration. A simulation study in the supplement shows that the tests are indeed well calibrated under the null for n = 26 and κ = 69.544.
Protein structure
We study now the presence of rotational symmetry in the C α representation of a protein's backbone. Proteins are polypeptide chains built up by amino acids, each of them having a central carbon atom, denoted C α . Motivated by the key role of C α atoms in the protein's backbone, Levitt (1976) proposed a representation of the backbone that encodes, from the position of a C α atom, the location of the next C α using the pseudo-bond joining them (the term pseudo emphasizes that the atoms are not linked by a single chemical bond but rather by several). Since the distance of pseudo-bonds can be considered constant (around 3.8 Å), the chain of C α atoms can be represented as a sequence of vectors in the sphere of radius r = 3.8 with the parametrization x = (cos(θ), sin(θ) cos(τ ), sin(θ) sin(τ )) T , θ ∈ [0, π), τ ∈ [−π, π), where the origin is set as the previous C α atom. Recall that θ is not the axis of symmetry θ θ θ, but just the notation used in Levitt (1976) Figure 2 that the overall distribution of these spherical vectors is highly non-symmetric. Yet, a less evident question to answer is whether there are particular protein features associated with rotational symmetry of the pseudo-bond directions, or, on the contrary, whether non-rotational symmetry is a systematic and persistent pattern in pseudo-bonds. In order to address this inquiry, we extracted the pseudobond directions of the C α atoms from the top500 dataset (Word et al., 1999) , consisting of 500 high precision and non-redundant protein structures, using the Bio.PDB module (Hamelryck and Manderick, 2003) . For each direction, the associated features are the corresponding Amino Acid (AA; 20 kinds), Secondary Structure (SS; 7 possible labels), and C α depth in the backbone. When θ θ θ = (−1, 0, 0) T is specified, rotational symmetry is consistently not present in any of the subgroups related to these data features, and the same conclusion holds when θ θ θ is unspecified and estimated with the spherical mean. Specifically, both φ loc θ θ θ and φ sc θ θ θ (θ θ θ specified), and φ sc † and φ loc vMF (θ θ θ unspecified), reject the rotational symmetry of the C α directions associated with: any of the 20 AA's, any of the 7 SS labels, and any of the blocks of C α 's with depths within
20 , i = 1, . . . , 21 (depths are standardized between 0, for the initial and final C α atoms, and 1, for the most central C α ). The p-values of the four tests strongly reject the null hypothesis, being the largest p-value, in all subgroups, of order 10 −4 (the 95% percentile of all the p-values is of order 10 −25 ). We inspect next the association of C α directions with respect to the transitions of amino acids for the more challenging θ θ θ-unspecified case using φ sc † and φ loc vMF . To that aim, we partitioned the pseudoangles into 20 × 20 subgroups for the transitions AA i →AA i+1 , and we tested rotational symmetry on them. The results from both tests are not coherent, since both are looking for different deviations from the null hypothesis that are present in the data. Precisely, at level α = 0.05, φ sc † does not reject for 5 pairs of amino acids (Figure 3, left plot) , and φ loc vMF does the same for 82 pairs (Figure 3 , central plot). Careful visual inspection revealed the presence of multimodality and girdle-like patterns on the multivariate signs that leaded to non-rejections for φ loc vMF (e.g. the signs for G→S, with n = 610, are antipodally bimodal), even if the data showed clear non-rotationally symmetric patterns. This evidences the practical necessity of accounting for a test that is consistent against both location and scatter deviations, such as φ hyb vMF . This test consistently rejects, at level α = 0.05, rotational symmetry for any transition of amino acids (Figure 3, right plot) , except for the transition of P (Proline) to Y (Tyrosine), where φ hyb vMF is non-significant with p-value = 0.102. Among the remaining transitions, only P→M (Methionine; p-value = 0.036) and W→W (Tryptophan; p-value = 0.013) have p-values larger than 0.01. We conclude then that rotational symmetry is emphatically not associated to particular amino acids transitions, except for Proline→Tyrosine (present only in the 0.17% of total transitions), for which φ hyb vMF is non-significant. The analysis, thus, evidences the absolute necessity of considering non-rotational distributions to model the pseudo-angles of the C α representation of the protein's backbone, even if the pseudo-angles are disaggregated in terms of the aforementioned data features.
Perspective for future research
As explained in Section 2.1, the random vector X with values on S p−1 is rotationally symmetric about θ θ θ if and only if, using the notation introduced in (1), (i) the random vector u θ θ θ (X) is uniformly distributed over S p−2 and (ii) u θ θ θ (X) is independent of v θ θ θ (X). The tests proposed in this paper are designed to detect deviations from rotational symmetry by testing that (i) holds. As a consequence, they will be blind to alternatives of rotational symmetry for which (i) holds but (ii) does not. This could be fixed by testing that the covariance between u θ θ θ (X) and v θ θ θ (X) is zero, which can be based on a statistic like
Another perspective for future research, derived from the construction of new distributions, is the following. In Section 2.2, we proposed new distributions on the unit sphere S p−1 , namely tangent vMF distributions, by imposing that u θ θ θ (X) = u θ θ θ 1 ;p−2 (X) follows its own vMF distribution over S p−2 with location µ µ µ = θ θ θ 2 ∈ S p−2 . In turn, one could specify that u θ θ θ 2 ;p−3 (X) follows a vMF distribution over S p−3 with location θ θ θ 3 . Iterating this construction will provide "nested" tangent vMF distributions that are associated with mutually orthogonal directions θ θ θ i , i = 1, . . . , p (strictly speaking, θ θ θ i ∈ S p−i but they can all be considered embedded in the original unit sphere S p−1 ). These directions, in some sense, provide analogues of principal directions on the sphere and should therefore be related to the principal nested spheres of Jung et al. (2012) . Such distributions provide flexible models on the sphere that are likely to be relevant in various applications of directional statistics.
Supplement to "On optimal tests for rotational symmetry against new classes of hyperspherical distributions"
as was to be proved.
Proof of Theorem 3. Lemma 3 readily entails that log dP
as n → ∞ under P (n) θ θ θ,g . Therefore, we only need to show that
as n → ∞ under P (n) θ θ θ,g . First note that Theorem 1 gives
say. Since log(det
Using (9)- (10) in pages 218-219 from Magnus and Neudecker (2007) ,
, where (due to the uniform boundedness of the
as n → ∞ under P (n) θ θ θ,g . Using Lemma 2, the law of large numbers for triangular arrays then yields
as n → ∞ under P (n) θ θ θ,g . Applying Lemma (iii T E ) in 4, and using the identities
as n → ∞ under P (n) θ θ θ,g . Plugging (21)- (22) in (20) then provides
tr[L Proof of Proposition 2. Proposition 3.1 of directly implies that ifθ θ θ satisfies A G , then
Lemma 4. For any θ θ θ ∈ S p−1 , g ∈ G a , and any bounded sequence (t n ) in R p such that θ θ θ n := θ θ θ + n −1/2 t n ∈ S p−1 for any n, we have that, as n → ∞ under P (n) θ θ θ,g :
Due to misspecification, it is expected that only the unspecified-θ θ θ tests will exhibit null rejection frequencies close to 5%. This is confirmed in Figure 4 , that shows that all (mis)specified-θ θ θ tests are severely liberal. For the two samples sizes and the two types of alternatives considered, Figure 5 plots the empirical powers of the three unspecified-θ θ θ tests (a power comparison involving the specified-θ θ θ tests would be meaningless since these tests do not meet the level constraint). Inspection of Figure 5 reveals that: (i) as expected, φ sc † dominates φ loc † under tangent elliptical alternatives while the opposite occurs under tangent vMF alternatives; (ii) the hybrid test detects both types of alternatives and performs particularly well against tangent vMF ones. show non-trivial powers against each type of alternatives but are always dominated by some other test. Moreover, it should be noted that φ sc θ θ θ and φ hyb θ θ θ perform well under Fisher-Bingham alternatives, which was expected since, parallel to tangent elliptical alternatives, Fisher-Bingham alternatives are of an elliptical nature. It may be surprising at first that, under tangent vMF alternatives, the (optimal) unspecified-θ θ θ test φ loc vMF shows little power compared to the specified-θ θ θ test φ loc θ θ θ . This, however, only reflects the fact that the cost of the unspecification of θ θ θ is high for the (vMF) angular function considered. Actually, the results of the previous sections allow to quantify this cost theoretically. Under the sequence of alternatives considered in Corollary 3, the Asymptotic Relative Efficiency (ARE) of the unspecified-θ θ θ test φ loc vMF with respect to the specified-θ θ θ test φ loc θ θ θ is obtained as the usual ratio of the corresponding non-centrality parameters in the asymptotic non-null chi-square distributions of the corresponding statistics. It follows from (15) and Corollary 3 that, at the vMF with concen-
, where g η (r) = exp(ηr) is the angular function of the vMF distribution with concentration η. Figure 7 provides plots of this ARE as a function of η, for various values of p. For the tangent vMF alternatives considered in the present simulation exercise (for which η = 5 and p = 3), the ARE is equal about 0.171, which explains the relatively poor performance of φ loc vMF compared to φ loc θ θ θ . This, of course, is not incompatible with the fact that φ loc vMF is optimal in the unspecified-θ θ θ problem. C.3 The specified-θ θ θ problem on S
3
The third simulation exercise essentially replicates the second one on S 3 . Since the Kuiper test φ KU θ θ θ only applies for data on S 2 , we replaced it with the Giné test φ GI θ θ θ , that, as the Kuiper test, is an omnibus test addressing the specified-θ θ θ problem. For sample sizes n = 100 and n = 200 and for two types of alternatives to rotational symmetry (r = 1, 2), we generated N = 5000 mutually independent random samples of the form 
i; 's follow a T E 4 (θ θ θ, g 2 , Λ Λ Λ ) with location θ θ θ := (1, 0, 0, 0) T and shape Λ Λ Λ := 3diag(1 + /2, 1, 1)/(3 + /2). The X (2) i; 's follow a T M 4 (θ θ θ, g 2 , µ µ µ, κ ) with skewness direction µ µ µ = (1, 0, 0) T and skewness intensity κ := /8. As in the previous simulation exercises, = 0 corresponds to the null of rotational symmetry about θ θ θ and = 1, . . . , 5 provide increasingly severe alternatives. For each replication, we performed, at asymptotic level 5%, the specified-θ θ θ tests φ loc θ θ θ , φ sc θ θ θ , φ hyb θ θ θ , φ LV θ θ θ , and the Giné test φ GI θ θ θ , as well as the unspecified-θ θ θ tests φ sc † , φ loc vMF , and φ hyb vMF (still based on the spherical mean). The resulting empirical power curves, that are provided in Figure 8 , lead to conclusions that are very similar to those reported in the simulation exercise conducted in Section C.2.
C.4 Mixtures in the specified-θ θ θ case on S 2 For the fourth and last simulation exercise, we consider mixtures of distributions on S 2 . We considered two types of mixtures: mixtures of vMF distributions on S 2 (r = 1) and mixtures of tangent vMF and tangent elliptical distributions on S 2 (r = 2). For sample sizes n = 100 and n = 200 and for both types of mixtures, we generated N = 5000 mutually independent random samples of the form X where Z 1, ∼ T M 3 (θ θ θ, exp(5u), µ µ µ, κ ) and Z 2, ∼ T E 3 (θ θ θ, exp(5u), Λ Λ Λ ) are independent, with θ θ θ = (1, 0, 0) T , µ µ µ = (1, 0) T , κ = /6, and Λ Λ Λ = 2diag(1 + /2, 1)/(2 + /2), = 0, . . . , 5. For r = 1, 2, the value = 0 corresponds to the null of rotational symmetry about θ θ θ, whereas = 1, . . . , 5 provide increasingly severe alternatives. For each replication, we performed, at asymptotic level α = 5%, the specified-θ θ θ tests φ loc θ θ θ , φ sc θ θ θ , φ hyb θ θ θ , φ LV θ θ θ , and φ KU θ θ θ (based on the true value of θ θ θ). For the sake of comparison, we also considered the unspecified-θ θ θ tests φ sc † , φ loc vMF , and φ hyb vMF , based on the spherical mean. Figure 9 plots the resulting empirical power curves for sample sizes n = 100 and n = 200 and for both types of mixtures. Inspection of Figure 9 reveals that the Ley and Verdebout (2017) test performs well against mixtures of vMF distributions, while, as we might have guessed, the (specified-θ θ θ) hybrid test dominates the other tests for mixtures of tangent vMF and tangent elliptical distributions. The location and hybrid tests perform well overall. 
